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ABSTRACT: We investigate the relevance of quantum effects in the study of bulk tachyon
dynamics. We analyze the behavior of a system which consists of a tachyon, the graviton
and the dilaton through the use of the Wheeler-DeWitt equation in the mini-superspace
approximation. The singular behavior of the classical solution for the system is modified
so that the quantum behavior seems to be regular.
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1. Introduction

It remains a challenging problem to understand whether a closed string theory with a
tachyon is well-defined. The case in which the tachyon is localized in the target space
is better understood. It turns out that the tachyon will condense and changes a local
geometry of the target space. The change may propagate to outer region of the target
space, leading to deformed asymptotic structure. For a review, see e.g. [[l].

On the other hand, our understanding of the case with bulk tachyon is very limited.
The difficulty with this issue can be seen from the analysis of classical solutions. In [g],
classical solutions were investigated in a low energy effective theory of string theory with
a tachyon in the bulk, under the assumption of the homogeneity and the isotropy. It is
observed that all solutions will evolve toward a singular configuration. From this observa-
tion, one may consider that a perturbation around such a solution does not make sense,
raising a question whether the full string theory with bulk tachyon can make sense. The
singular behavior of the classical solution was also discussed in [J from the viewpoint of
string field theory.

The analysis in [P] is for a string theory in which a tachyon shows up when the theory
is expanded around a trivial flat space. This implies that the tachyon potential V(T')
has a local maximum at, say, 7" = 0 at which V(0) = 0. It is possible to consider a
supercritical string theory with a tachyon, in which V(0) > 0, and investigate classical
solutions similarly [, f]. It turns out that the behavior of the classical solution in this



case is milder than the critical cases. In particular, assuming that V(7') has a minimum
at T' = Ty at which V(Tp) > 0, the tachyon rolls down and settles at the minimum. In
the far future, the dilaton approaches a linear function in time, and decreases. Therefore,
this classical solution could approximate the tachyon dynamics of the full string theory, at
least at late stage of the time evolution. Unfortunately, the classical solution is singular
in the past. A resolution of this past singularity was proposed in [fi, [J]. There is another
approach to study condensation of a bulk tachyon when the tachyon profile depends only
on a light-like coordinate [§—[L5]. In this case, the worldsheet theory is tractable, and one
can study the entire process of this class of evolutions. There are other researches on closed
string tachyon condensation [L§[Lg].

In this paper, we would like to examine effects of quantum corrections to the classical
tachyon evolution. We investigate this problem by using the mini-superspace approxima-
tion. The behavior of the wave function is examined by analyzing the Wheeler-DeWitt
equation. We find an indication that the singular behavior of the classical solution is reg-
ularized by a quantum effect. This is indicated by the decay of the probability density in
a region of field space corresponding to the classical singularity. The final state of tachyon
condensation is, however, not clear from our investigation since the tachyon does not always
settle at a minimum of V(7).

Before presenting our investigation, it should be mentioned that, although we hope to
gain some insight on bulk tachyons from such an analysis, we do not know whether this
simplification corresponds to a self-consistent approximation in any sense. What will be
done in this paper is firstly to truncate a string theory with a tachyon to a system which
consists of the graviton, the dilaton and the tachyon, and secondly to reduce the field space
by hand. The first truncation might be justified for some special cases, for example, when
V(T) is slowly-varying in T" so that any massive string states would not be excited during
the evolution. However, it is not at all clear how to systematically improve our result to
understand the dynamics in string theory.

Strictly speaking, what we will do is to quantize a system whose classical equations
of motion are the same as those of the graviton-dilaton-tachyon system reduced accord-
ing to the ansatz of the homogeneity and the isotropy. The integration measure which
provides the inner product of wave functions should be derivable in principle from the
path-integral measure of the full theory. However, we simply assume a specific choice so
that the Hamiltonian of the reduced system is hermitian with respect to the measure.

It should be noted on the choice of the effective action. The choice of the action in
this paper is based on the result of 0] in which a string theory compactified on a compact
manifold was considered, and a tachyon was supposed to appear from a state which might
be localized in the compact manifold but which propagated all non-compact directions.
The word “bulk tachyon” in this paper indicates this kind of tachyons. If the relation
between the equations of motion and the RG flow of the corresponding worldsheet theory
is taken into account, the form of the effective action is restricted. It seems that the
same arguments does not apply to the “universal” bulk tachyon which corresponds to the
unit operator of the worldsheet theory. There is a proposal of the effective action for the
universal tachyon in [R1].



This paper is organized as follows. The behavior of homogeneous and isotropic classical
solutions is discussed in section fJ. Generically, the classical solution evolves toward a
singular configuration. In section f], the Wheeler-DeWitt equation is derived, and its
solution is analyzed. It is shown that the singular behavior of the classical solution is
somehow regularized by a quantum effect. It is also shown that the presence of the tachyon
tends to regularize the system. A possible generalization of our analysis to the situation
where the spatial manifold is not flat is briefly mentioned in section [|. Section Jj is devoted
to discussion. Appendix [A] summarizes some adiabatic properties of a quantum mechanical
system.

2. Classical solutions

In this section, we investigate the behavior of classical solutions of a system specified by
the action

S = % /d% —g e P [R+4(V®)? — (VT)? —2V(T)] . (2.1)

A class of solutions with the flat metric was investigated in [J]. Throughout this paper,
the tachyon potential V(T') is assumed to have a global minimum at 7' = Ty. Both signs
of V(Tp) are allowed.

The choice of the action (R.1]) we made above is based on the following analysis. The
details are found in [R(]. The most general action of the graviton-dilaton-tachyon system,
ignoring all terms with more than two derivatives, is

S = # dPx/=g e 22 £1(T) [R +4f(T)(V®)? (2.2)

+f3(T)V® - VT — fo(T)(VT)* = 2V(T)|.

We assume that the equations of motion of (B.2) would be obtained by requiring that the
beta-functional for the conformal invariance of the underlying worldsheet theory vanishes.
The string theory we consider is assumed to be compactified on a compact manifold M,
and the tachyon T corresponds to a relevant operator of a CFT describing M. The action
of the worldsheet theory is

S ﬁ / d%ﬁ[h“baaXMabX'/gW(X) +d'RPd(X)
T

+Su(Y) + / PovVh T(X)V(Y). (2.3)

The action Sp(Y) is that of a CFT describing M, for which the dynamical variables are
collectively denoted by Y. The operator V(Y') is a vertex operator of the CFT correspond-
ing to the tachyon T'. Suppose that T(X) is a constant. Then the non-compact part and
the M part of the worldsheet theory (R.J) decouple from each other. In this case, the
beta-functional 3,, for g,,, for example, does not depend on 7" at all. This implies that
the beta-functional (3, for a generic T'(X) should be

Buv = Ry + 2V, V,® + derivatives of T, (2.4)



at the leading order in o/. The condition (., = 0 and Sy = 0 are consistent with the
equations of motion of (R.4) iff f1(T) = fo(T) = 1. The functions f3(T), f4(T) can be
eliminated by a field redefinition, and therefore, we obtain (R.1)) as the most general action
suitable for the case we would like to consider.

Note that in [RI] the effective action was determined by requiring that the action allows
a simple solution which provides an exact CF'T. In our case, since we would like to consider
a tachyon which corresponds to a non-trivial relevant operator, we should not expect the
existence of such a simple solution. Therefore, the effective action (R.I) may differ from
the one used in [RI].

The equations of motion derived from (R.1) are

Ry, +2V,V, -V, TV, T =0,
V20 — 2(V®)? —V(T) = 0, (2.5)
VT —2V® - VT - V/(T) = 0.

We make the following ansatz

ds? = —dt* + e 2P0, da’ dad
d = d(t), (2.6)
T =T(t).

The equations of motion then reduce to

B—((D-1)B+2®)B =0,
d— ((D—-1)B+20)d+V(T) =0, (2.7)
T—((D—1)B+2®)T +V'(T) = 0,

with a constraint
(D—1)(D —2)B?> +4(D —1)Bd +4%% - 7% — 2V (T) = 0, (2.8)
which just restricts the initial condition of this system. There is a simple integral of motion
pe=2(D —1)e"P-DB-22 B (2.9)

The coefficient is chosen for later convenience.
It is convenient to introduce

K =(D—-1)B+29. (2.10)

In terms of these variables, the equations of motion can be written as

B—-KB =0, (2.11)
K- K*4+2V(T) =0, (2.12)
T—-KT+V'(T) =0, (2.13)



with
K?—(D—-1)B*-T% -2V (T) = 0. (2.14)

It is easy to see that K is always non-negative due to the constraint (R.14) since

K = K?-2V(T)
= (D-1)B*+1? > 0. (2.15)

The equality holds only when B =T = 0.
The behavior of classical solutions strongly depends on the sign of V(7j). Let us
investigate them for each case.

2.1 V(Tp) < 0

This case would be interesting since the analysis of this situation would have some implica-
tions to the ground state of a string theory with a tachyon which is perturbatively defined
in the flat space-time.

The simplest solution is obtained by setting 7" = Ty. There is no time-independent
solution which is suitable for a vacuum. Note that the space-like linear dilaton solution,
which is a well-known solution to (R.IJ), is not compatible with our ansatz (R.§), and
therefore, they are not discussed in this paper. The general solution in this case is

1 1+ sina(t — to)
2v/D — 1 Ogl—sima(t—to)+ 0 (2.16)
1
@ = — (1+VD—1)log(1 +sinalt - to))

_i (1 — D — 1) log(1 —sina(t — ty)) + Do, (2.17)

where tg, &g and By are integration constants, and a = y/—2V (7). The constant of motion
P can be written in terms of these integration constants as

P2 =8(D —1)|V (Tp)|e 2P~ DBo—4%o, (2.18)

The solution always evolves from a strongly coupled background at a finite past to a big
crunch at a finite future. There is also the time-reversal solution which evolves from a
big bang to a strongly coupled background. In both cases, the classical solutions have
singular behaviors. In fact, one can show that the energy-momentum tensor (defined for
the Einstein frame metric) diverges when the background becomes singular, and therefore,
they are physical singularities. Both B and ® diverge in a finite time, while keeping either
(D—-1)B+2®++/D —1Bor (D —1)B + 2® — /D — 1B finite since

(D—-1)B+2®++vVD —1B = —log(l Fsina(t —ty)) + const. (2.19)

The singular behavior of the classical solution persists when the dynamics of the
tachyon 7 is included. Assuming that there is no extremum of V(7') above zero, K cannot
approach toward 0 in the limit ¢ — +oo, implying that K — +oc0. Note that this is a



generic behavior even when there are extrema above zero, except that the initial condition
is fine tuned. The divergence of K implies that B — 400 or & — 400 will be realized. The
former is a solution with the big crunch, while the latter solution evolves into a strongly
coupled one. In any case, the classical description would break down there, and some
quantum effects due to the high curvature or the string loops would become important in
this limit.

2.2 V(Tp) >0

Tachyon condensation in this case is discussed in [, {f. In this case, the time evolution of
this system is more regular than in the previous case.

For the case in which T' = T}, there are two solutions. The first solution is the well-
known time-like linear dilaton background. The second one is

1 o'
B = ——— log tanh S(t — to) + Bo, 2.20
D=1 g 2( 0) 0 (2.20)
® = —logsinh a(t — tg) — V' D — 1log tanh %(t —tg) + ®o, (2.21)

where o = /2V (T). Note that this solution is valid for ¢t > t3. Near ¢t = t¢, the string
coupling diverges, while keeping

(D—-1)B+2®++vD — 1B = —log(1 + cosh a(t — tp)) + const. (2.22)

finite. At later time, the string coupling becomes smaller, and B approaches a constant
value By. Therefore, this solution is regular in the future. In fact, this solution approaches
the linear dilaton solution. The expression for p. in this case is the same as (R.1§).

The qualitative behavior of the solution including the dynamical tachyon can be easily
understood as follows. The constraint (R.14) implies K2 > 2V (Tj). It is enough to consider
only the case K < —/2V (Tp), since the other case leads to the time reversal solution. The
equation of motion of the tachyon leads

d

u Efz + vm} K7, (2.23)

)

This implies that the “energy” of the tachyon decreases until 7' = 0 is realized. This can
happen at a (local) minimum of V(7). Therefore, whatever the initial condition is, the
tachyon settles down at a minimum of the potential, and the background approaches a

linear dilaton, in the future.

3. Mini-superspace analysis

We have shown that any classical solution of a homogeneous and isotropic rolling tachyon
evolves from or toward a singular configuration (possibly in a finite time). A natural
question is whether this classical behavior would be modified by some quantum effects.
Of course, it is almost impossible, at least up to now, to take into account the quantum
corrections in quantum gravity and string theory, except for some limited cases with large



symmetry groups. What we are going to investigate below is to consider the quantum
effects in simplified models. This is known as the mini-superspace approximation.

The equations of motion (R.7) as well as the constraint (R.§) can be derived from the
action

Sg = /dt [eA—(D—”B—?‘I’ {—(D 1)(D —2)B% — A(D —1)$B — 492 + T2} (3.1)

_9 o~A-(D-1)B-2® V(T)] '

This action can be obtained, up to an overall constant, from the action (P-1) by substituting
the ansatz (R.6) in which the metric is replaced with

ds? = —e 240 q42 6_2B(t)5ijdxidxj. (3.2)

Note that the variation with respect to A provides the constraint (R.§). We expect that the
quantum system specified by the reduced action Sg could be regarded as an approximation
to the full quantum gravity or string theory.

Since Si describes a one-dimensional system, it is rather straightforward to quantize
this system. This system is invariant under the reparametrization of the time coordinate,
and therefore, it is possible to choose the time coordinate so that A(t) = 0. The remnant
of this reparametrization invariance is the so-called Hamiltonian constraint imposed on the
wave function. Quantum mechanically, it is given as

1 1 9 1

0

16% ~ 1D g’k ~ gge0r +20°V(I)| V(6. B.T) =0, (33)

where
¢ = emz(D-DB-2 (3.4)

This equation is known as the Wheeler-DeWitt equation. It is interesting to observe that
¢ looks like a time coordinate since the sign of the kinetic term is opposite to the other two
variables. This is in harmony with that fact that, in the classical solutions, (D —1)B + 2
never decreases which enables us to identify it with the time.

To extract some physical information from the wave function ¥(¢, B,T), it is neces-
sary to define the integration measure, or the inner product, for the wave function. The
inner product should be defined such that the Hamiltonian operator appeared in (B.) is
hermitian. In the following, we simply assume that the measure is the trivial one, so that
|W (4, B, T)|? provides us the probability for the variables ¢, B, T to have some specified val-
ues. Note that the probability for @, B, T is then given by e_%B_ﬂ\I'(e_%B_@, B,T)|*

3.1 Fixed T

Before analyzing the solution to the equation (B.3), it is instructive to consider a further
simplified equation corresponding to the situation with 7" = Ty. The following analy-
sis is a straightforward generalization of the one for the two-dimensional dilaton gravity
theory [RJ]. Note that in two dimensions the analysis can be regarded as an exact one.



The choice T' = Tj is consistent with the reduction, and therefore, the Wheeler-DeWitt
equation

1 o2 — _

16 ¢  4(D —1)¢2

can be derived in the similar manner.

0% + 2V(T0)<;52] U(p,B) =0, (3.5)

The wave function can be expanded as

U(p, B) = cpe iy (9), (3.6)

where 1, (¢) satisfies

1 p2

1_663’ + 1D -1 + QV(TOWQ] Up(9) = 0. (3.7)

This is a one-dimensional Schrodinger equation with a non-trivial potential

p2

R Rl o

U(6) =
In the case V(Tj) > 0, the potential U(¢) is unbounded from below in the large ¢
region. This reflects the fact that in this case the classical solution approaches the linear
dilaton background, and therefore ¢ grows without bound. It will be shown below that
this unboundedness of U(¢) does not cause any strange behavior of the wave function.
The behavior of U(¢) near ¢ = 0 is also anticipated from the analysis of classical
solutions. Since U(¢) is also unbounded in this region, the wave function generically tends
to gather around ¢ = 0 which corresponds to the singular background. However, this will
be modified by quantum effects. In fact, the solution of (B.7) is obtained in the WKB
approximation as

Gp(6, B) ~ U(g) 1% )" do/~UG), (3.9)

Here the prefactor U (gb)_i, which is a quantum correction to v,(¢, B), behaves as /¢
near ¢ = 0. In terms of B and ®, this suggests that the probability for the large positive
(D — 1)B + 2® region is exponentially suppressed. Recalling that this region corresponds
to the singularity in the classical solution, irrespective of the sign of V(7p), it is expected
that the singular behavior of the classical solution may be regularized in some manner by
a quantum effect.

It turns out that this WKB analysis provides the right picture of the quantum dynamics
of the system. The Schrédinger equation (B.7) can be solved exactly. For the case V(1) <
0, the solution is given by the modified Bessel function as

T;Z);D(qb) = \/5 Ku(p)(2a¢2)v (310)
where v(p) is defined as
1 D—-1

The integration constants are chosen such that 1,(¢) vanishes for large ¢, which reflects
the behavior of the classical solution in which (D — 1)B + 2® is bounded from below.



We have obtained the following exact solution of the Wheeler-DeWitt equation:

¥6,8) = /5 [ dp )t Ky (200?). (3.12)

The function ¢(p) should be determined in some manner for which the space-time described
by U(¢, B) satisfies (a quantum version of) the Einstein equation. Here, we assume a
qualitative behavior of ¢(p) based on the following reasoning. Recall that p is the eigenvalue
of the canonical momentum 7p of B, which is explicitly given as

7 =2(D — 1)¢°B. (3.13)

Therefore, for the wave function which is a quantum description of the classical solution,
the function ¢(p) should have a sharp peak at p = p.. We assume c¢(p) ~ e~mP=Pe)* pear
p = pe. It would be relevant to consider the situation where at an instant of time the
spatial manifold has a finite size and the string coupling is small. In this situation, p. can
be taken to be a large value.

The behavior of ¥(¢, B) near ¢ = 0 is analyzed as follows. Recall that the modified

Bessel function behaves as a linear combination of plane waves eiivgfl((D_l)BH@) for
large p. Then, the wave function behaves as
U(¢,B) ~ 1+(¢, B) +1_(¢,B), (3.14)
where 2
14(6, B) ~ e—%((D—l)B+2<I>)e—m[(D—I)B+2<1>:l:\/D—1B)] ‘ (3.15)

Without the “quantum” factor /@, ¥(¢, B) decays rapidly in the small ¢ region unless

(D —1)B 4 2® + /D — 1B is kept finite. This precisely describes the behavior (R.19) of

the classical solutions. And, as suggested by the WKB analysis, the factor /¢ forbids ¢ to

becomes small, implying a regularization of the singular behavior. Note that, although /¢

should be the result of a quantum effect, its origin in view of the full theory is not clear.
For the case V(Tp) > 0, ¢p(¢) is given by the Bessel function as

Vp(9) = Ap\/a‘]V(p)@a&) + Bp\/EJ—V(p)(2a¢2)' (3.16)

For any choice of A, and By, ¥,(¢) decays at least as fast as qﬁ_% in the large ¢ region, al-
though the potential U(¢) is unbounded from below there. In this case, the coefficients can
be determined by examining the behavior of ¥(¢, B) in the small ¢ region, and comparing
it with the classical solution. By the same argument as in the case V(Tp) < 0, ¥U(¢, B)
behaves as

U(p, B) ~ Ap, Iy (6, B) + By L (6, B). (3.17)

Recalling the behavior (R.29), the proper choice will be B, = 0. Classical singularity at
¢ = 0 is also regularized in the same way. Note that the normalizability of U (¢, B) in this
case might be problematic since it is naively expected that ¥(¢, B) behaves as qﬁ_% in the
large ¢ region, and we assumed that the inner product is defined by the trivial measure.
It may be appropriate that in this case the wave function should be normalized in the
similar manner with plane waves. In any case, to clarify this issue, it would be necessary to
determine a more detailed form of ¢(p) to find more detailed behavior of the wave function.



3.2 Dynamical T

We have seen that the quantum-corrected solution seems to behave better than the classical
one. To regard this result as meaningful to the full theory, it is necessary to check at least
whether the behavior of the wave function (¢, B) discussed in the previous subsection
persists when the dynamics of T is included. Recall that the Wheeler-DeWitt equation
including T is

1, 1

1
6% ~ m@% - Wa% + 2¢2V(T)] W(¢,B,T) = 0. (3.18)

As in the previous subsection, the wave function can be expanded as

U(p, B,T) =Y cpe?Piy (4, T), (3.19)
p
and ¥, (¢, T) satisfies
Loy __r P 2¢2V(T)] U, T) =0 (3.20)
16 ¢ 4D —1)¢2 442 T PR ‘ ‘

As in the previous subsection, ¢, is assumed to be a function of p which is sharply peaked
at p = p., and p. is assumed to be large.
It turns out to be convenient to define

T;Z)P(qb’ T) = 6%9010(7—7 T)’ (3'21)

where ¢ = €7. Then ¢,(7,T) satisfies

(02 — 40% + m(p)? + 32 V(T)] p(7,T) = 0, (3.22)
where 2 .
m(p)? = Dli -1 (= —am)?). (3.23)

In the region where ¢ is small, or 7 is large and negative, the “potential term”
32¢*7V (T) will be negligible, and the equation (B.23) reduces to the two-dimensional Klein-
Gordon equation, in which 7 is the time coordinate and T is the spatial coordinate. p is
assumed to take a large value, and therefore, this is the equation for a massive field.

The “time” evolution of ¢,(7,T') in this region can be easily deduced as follows. If the
tachyon potential behaves as V(T') — +o0 in the limit 7" — +o0, then at a finite 7 the wave
©p(7,T) would be confined in a finite region in the T-direction. When the “potential term”
becomes negligible, the wave can spread in the T-direction, and therefore, the magnitude
of pp(r,T) would decrease as 7 becomes large and negative. Recall that the wave function
(¢, B,T) contains v/¢ = e? in addition to ¢,(7,T). As a result, the wave function
decays rapidly in the direction 27 = —(D — 1) B — 2®, faster than the case for a constant 7.
Therefore, the regularization mechanism seems to persist in the system with the dynamical
tachyon.

— 10 —



To see the behavior of the wave function in more detail, let us make the following

ansatz:
Zd ) fulT57) (3.24)
where f,(T'; 7) satisfy
—%a% + 4e4Tv(T)} fa(T;7) = En(7) fu(T5 7). (3.25)
Here v(T) is defined as
o(T)=V(T) -V (Tp) > 0. (3.26)

The functions f,(T;7) are the wave functions of the tachyon in the non-negative potential
v(T) for a fixed 7. They are assumed to form an orthogonal basis, that is,

/dT Jo(T;7) fr(T57) = Ny (T) O - (3.27)

Then, the Wheeler-DeWitt equation (B.22) reduces to the following set of ordinary differ-
ential equations

[—02 — m(p)? — 32V (Tp)e'™ — 8E,( =2 Z B (7)o (T) + > Yo (7 ) (7
" (3.28)
where
Bunl?) = 355 [ gm0 (i), (3.29)

(T:7)02 fr (T 7). (3.30)

1

It can be found from (B.2§) that the presence of the dynamical tachyon induces another
interesting effects. The coefficient functions d,(7) correspond to ,(¢) in the previous
subsection. The effective potential for d, () is

Un(1) = —m(p)? — 32V (Tp)e'™ — 8E, (7). (3.31)

For the constant T' case, the last term is absent. From the definition (B.2]), it is obvious
that E,(7) is a non-negative function. Moreover, it is a monotonically increasing function
of 7, and grows slower than e*” in the large 7 region. Therefore, the presence of the tachyon
makes the wave function to distribute in a large positive 7 region, while the asymptotic
behavior of the potential in the limit 7 — +o00 is kept intact. Details of the behavior of
E,(7) are summarized in appendix [f]. This would also be an indication that the dynamics
of the tachyon tends to regularize the system.

The equations (B.2§) also show that all quantum states of the tachyon couple among
them. Therefore, even if the tachyon stays in the ground state at, say, 7 = +o0, any other
states may be excited in a finite 7 region. Note that this behavior is expected from the

classical solutions. For the case V(T) < 0, we should regard —7 as the time coordinate, at

— 11 —



least in the later stage of the evolution. The coupling among the tachyon states corresponds
to the amplification of the tachyon motion due to the “Hubble parameter” K. For the case
V(Ty) > 0, on the other hand, 7 should be regarded as the time. In this case, as shown in
subsection P.4, the oscillation of the tachyon around 7" = Ty damps due to K (note that
K is always negative). Viewing in the opposite direction, this is an amplification of the
oscillation.

To study the region 7 — 400, let us consider the simplest potential

1
o(T) = 5w2e47”:F2, (3.32)

where T' has been shifted so that the minimum of v(7T") is now at ' = 0. In fact, by
the rescaling 7' — e~ 2"T and taking the limit 7 — 400, the Schrédinger equation (B.2§)
reduces to this case as long as v”(0) > 0 is satisfied. Therefore, the analysis of this simplest
case would provide a good approximation in the large positive 7 region.

In this case, the functions f,,(T;7) can be written as

FulTi7) = Hy(Vwe T)e 27T, (3.33)
where H,(z) are Hermite polynomials. The energy is
Ey(r)=w <n + %) e’ (3.34)
It turns out that the matrices B, (7) and vpm(7) are independent of 7. Explicitly,
B = ~ 30tz — goun + gmlm — Do s, (3.35)
Yom =Y BrtBim- (3.36)
l

Since these are constants, it is now apparent that, in the large positive 7 region, the
equations (B.2§) are approximated as

[—02 — 32V (Ty)e*] dn (1) ~ 0. (3.37)

The functions d,,(7) decay very rapidly for a positive V(Tp), while they oscillate for a
negative V(7Tp). The important point is that d,(7) becomes independent of n up to the
overall coefficients. As a result, the wave function ¢,(7,T") behave as

op(7.T) ~ d(T)e™ 57T 3" dy Hy (Ve T). (3.38)

For a large positive 7, the wave function is localized around T' = 0 in the T-direction, whose
width becomes narrower as 7 increases. For the case V(7)) > 0, this precisely describes
the dynamics of the tachyon as seen from the classical solutions.

Note that the behavior of the wave function in this region is almost the same as that
for the constant T case discussed in the previous subsection, except for the presence of
the non-trivial tachyon wave function. This is actually an expected result. What has
been done above is an adiabatic approximation. From the Wheeler-DeWitt equation, it
is obvious that, if 7 is large and positive, the tachyon will oscillate very quickly due to
the factor €™ in front of V(T'). Therefore, it is possible to regard the coordinate 7 as a
slowly-varying parameter as far as the tachyon dynamics is concerned.
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4. Curved spatial manifolds
It is possible to generalize our analysis so far by employing the following metric form
ds? = —e 240 g2 4 72801 hij(z)dx'da?, (4.1)

where h;j(x) is an Einstein metric

Rij = /\hlj (4.2)

Our analysis so far corresponds to the case A = 0. The modification appears in the
equations of motion of B as

B = KB+ X\é?B, (4.3)

while the equations for ® and T are kept intact. Now there is no simple integral of motion.
B evolves toward +0o when A is positive, and toward —oo when A is negative.
The equation of K and the constraint are

K — K42V (T) — (D —1)Xe?B =0, (4.4)
K2 -2V(T)+ (D - 1)A*? —(D-1)B2-T% = 0.
These imply that (D — 1)B + 2® can still be regarded as a time coordinate since it is a

monotonic function of time.
The Wheeler-DeWitt equation is

4
—H?
T+D—1

Op + 40% + % +16€™ (=2V(T) + (D — 1)Ae*P) | U(7,B,T) = 0.  (4.6)

A quite different phenomenon would happen when X is positive. As in subsection B.3, one
can first solve
[_8% - 16(D - 1))‘64T+2B] gn(B; T) = En(T)gn(B;T)7 (47)

and then solve the resulting equations. If A is positive, then £,(7) can be negative. Note
that in this case a suitable boundary condition e.g. the one discussed in [2J] should be
specified. Such negative energy states would result in two-dimensional wave equations in
the 7-T" space with a “tachyonic” mass term, and therefore, the wave function ¥(r, B, T)
may not decay in the large negative 7 region. This seems to imply that the expected
classical singularity might not be regularized for the case A > 0. It would be very interesting
to investigate the behavior of the wave function for this generalized system.

5. Discussion

We have investigated the mini-superspace analysis of the dynamics of a bulk tachyon cou-
pled to background massless fields. It is observed that the singular behavior in the clas-
sical solutions is regularized in the “quantum solutions” described by the solutions of the
Wheeler-DeWitt equation. It is interesting to notice that the dynamics of the tachyon also
contributes to regularizing the system. The mechanism of this regularization in terms of
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the full theory is, however, not yet clear. It would be very interesting to investigate this
mechanism further.

Our analysis does not clarify what would be the possible final state of bulk tachyon
condensation for the case V(Tj) < 0. The case V(Tp) > 0 was analyzed in section [, and
the result agrees with the one expected from the classical solution. In the case V(Tj) < 0,
one would like to consider the situation in which the tachyon is localized at a maximum
of v(T) at 7 — +o0, but if so, the quadratic approximation for v(7T") is not valid. A
possible guess based on our analysis would be that, since all the tachyonic states couple
among them, they are “thermalized” at a finite 7 which characterizes a possible final state
of the time evolution. This would be a quite different state from the one expected from
an analogy with the known examples of tachyon condensations. For example, (T') might
vanish while the vevs of higher powers of 1" might not.

The interpretation of the wave function we obtained needs better understanding. The
amplitude of the wave function decays in some region, as we have shown. This can be
regarded as a regularization of the classical singularity. However, this also seems to suggest
that there is a bound on the time coordinate. One possible interpretation of this is that
(D —1)B+2® would approach a finite constant value in the limit ¢ — 400 or ¢t — to. This
would be possible since quantum corrections should modify the equations of motion, and
therefore, the t-dependence of the fields should also be modified. Another interpretation
would be that this may suggest a bounce, and the system then starts evolving oppositely in
the (D—1)B+2® direction. This process, if possible, might look similar to the phenomenon
discussed in [P4] in the context of AdS/CFT correspondence.

In any case, our analysis suggests that quantum corrections would be very important
to obtain a reasonable picture of bulk tachyon condensation. Despite the difficulty in
investigating this issue in a reliable manner, it is worth studying this issue further.
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A. E,(7)
Consider the Schrodinger equation
d2
[—@ + eAV(x)] Un (@A) = En(N)n (23 ). (A.1)

The wave functions are assumed to form an orthonormal basis of the corresponding Hilbert
space. In the following, it is assume that V' (x) is non-negative and vanishes at its minimum.
The energy E,(\) can be written as

By (7) = / da 47 (23 2) [—j—; + eAV(:E)} (V). (A2)
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Obviously, E,(\) is positive. Its derivative is

dE,
dX

_ / da [un (@ NPV () > 0. (A.3)

The integral in the r.h.s. is estimated as follows. As A grows, the wave functions are
more and more localized around the global minima of V' (z), and the width of the peak
of |1 (x; A\)|? around each minimum becomes smaller and smaller. Therefore, the integral
would vanish in the limit A\ — 4o00. This means that for any ¢ > 0, there exists A(¢) such
that for any A\ > \(¢)

/ dz |n (23 V2V (2) < <. (A1)
For A > A(¢), (A.J) implies
dE, A\
N < ee”, (A.5)
which then implies
e E,(\) < e (A.6)

for sufficiently large A. Therefore, it is concluded that

. Y B
)\ETOOe E,(\) =0. (A.7)

For a large negative A, as long as V(z) is finite at any finite x, the potential wall
becomes lower and lower, and the wave functions would spread more and more. The
energy E,(\) becomes arbitrarily small in the limit A — —oco.

When V(z) is a polynomial

l
V(z) = Zana:", (A.8)
n=2

the behavior of E,, () can be determined more explicitly. The result is

P
En(X) ~ {A o (A.9)

This is the expected behavior from the general argument.
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